A 2.5D displacement-based PML for elastodynamic wave propagation by François, Stijn et al.
ECCM 2010
IV European Conference on Computational Mechanics
Palais des Congrès, Paris, France, May 16-21, 2010
A 2.5D displacement-based PML for elastodynamic wave propagation
S. François, M. Schevenels, G. Lombaert, and G. Degrande
Department of Civil Engineering, K.U.Leuven, Belgium. stijn.francois@bwk.kuleuven.be
Abstract
This paper presents a perfectly matched layer (PML) technique for the numerical simulation of three-
dimensional (3D) dynamic soil-structure interaction problems where the geometry is invariant in the
longitudinal direction. Examples include roads, railway tracks, tunnels, dams, vibration isolation screens
in the soil, lifelines, and alluvial valleys.
For longitudinally invariant geometries, a computationally efficient two-and-a-half-dimensional (2.5D)
approach can be applied, where the Fourier transform from the longitudinal coordinate to the wavenum-
ber domain allows to represent the 3D radiated wave field on a two-dimensional mesh. Following this
approach, the equilibrium equations of a PML continuum are formulated in a weak form, which is dis-
cretized using a Galerkin approach through the introduction of 2.5D shape functions.
The computational efficiency of the 2.5D PML technique as an alternative to a 2.5D coupled bound-
ary element - finite element (FE-BE) formulation is investigated. Therefore, the 2.5D PML technique
is applied to three examples: the Green’s displacements of a homogeneous halfspace, the dynamic stiff-
ness of a strip foundation and the efficiency of a vibration isolating screen in the soil. The solutions are
compared to reference FE-BE calculations. These examples demonstrate that the PML methodology is
computationally efficient, especially in the case where only the response in the vicinity of the structure
is of interest.
1 Introduction
The calculation of three-dimensional dynamic soil-structure interaction problems is computationally de-
manding, since the radiation of waves towards infinity has to be taken into account [1, 2, 3]. A number of
assumptions is often made in an attempt to reduce the computational efforts. In many cases, the structure
can be assumed to be periodic or to have an invariant cross section, which is a valid assumption for roads,
railway tracks, tunnels, dams, vibration isolation screens in the soil, lifelines, and alluvial valleys.
For longitudinally invariant structures, a computationally efficient two-and-a-half-dimensional (2.5D)
approach can be applied, where the Fourier transform of the longitudinal coordinate allows to represent
the 3D response of the structure and the radiated wave field on a two-dimensional (2D) mesh [4]. The
2.5D finite element (FE) method can be combined with a 2.5D boundary element (BE) method, fully
accounting for the dynamic interaction between the structure and the soil. However, this may be compu-
tationally expensive in the case of deeply embedded structures where the fundamental solution has to be
evaluated for a large number of source/receiver depths.
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In order to further reduce the computational time, a displacement based perfectly matched layer
(PML) [5] is derived in this paper in the framework of the 2.5D FE method to account for the radiation of
waves, as an alternative to the coupled FE-BE method. PMLs absorb all incoming waves, and are widely
used in 2D and 3D finite element computations [5].
This paper is organized as follows. First, the governing equations of the PML are formulated. Next,
the equilibrium equations of the PML continuum are formulated in a weak form which is discretized fol-
lowing a Galerkin approach through the introduction of 2.5D shape functions. In section 4, the choice of
the attenuation functions in the PML is discussed by considering the analytical solution of the displace-
ment inside a one-dimensional PML. Section 5 presents three applications of the PML: the calculation of
the Green’s displacements in a halfspace, the dynamic stiffness of a strip foundation and the efficiency
of a vibration isolating screen in the soil. These examples allow to validate the 2.5D PML method.
Furthermore, the computational efficiency of the methodology is assessed.
2 Formulation of the perfectly matched layer
Consider a linear elastic domain Ω with an invariant geometry in the longitudinal y direction (figure 1).
A PML ΩPML is placed at the edge of the domain Ω in order to absorb waves travelling in the x and z
directions. The interesting property of this PML is that it is perfectly matched, as no reflections occur
at the interface between the absorbing medium and the physical domain [5]. The PML is therefore a
bounded representation of an unbounded extension of the domain Ω, where waves are strongly attenuated
inside ΩPML. In the following, the physical domain Ωe of Ω is assumed to be an isotropic visco-elastic
medium.
x
y
z
ΩPML
Ωe
A
Ω
¯
ˆtn
➀
n = {0,0,1}T
Figure 1: Domain Ω with longitudinal invariant cross-section A. The PML absorbs waves propagating
in the x- and z-direction.
2.1 Equilibrium equations for a linear elastic medium
In the physical domain Ωe, the stresses σˆi j and displacements uˆi satisfy the frequency domain equilibrium
equation:
σˆi j, j +ω2ρuˆi = 0 (1)
where ρ is the density and ω is the circular frequency. A hat above a variable indicates its representation
in the frequency domain. Furthermore, the constitutive equation applies:
σˆi j =Ci jkl εˆkl (2)
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where Ci jkl is the constitutive tensor. The strain tensor εˆi j is defined as:
εˆi j =
1
2
(uˆi, j + uˆ j,i) (3)
2.2 Governing equations of the PML
In order to absorb waves inside the domain ΩPML, the governing equations (1) and (3) are modified by
considering stretched coordinates x˜ and z˜ defined as [6, 7]:
x˜ =
∫ x
0
λx(x)dx (4)
and
z˜ =
∫ z
0
λz(z)dz (5)
where λx(x) and λz(z) are non-zero complex valued stretch functions. In the case where λx(x) and λz(z)
have unit value, the stretched coordinates x˜ and z˜ correspond to x and z, respectively.
The coordinates x and z in equation (1) are replaced by x˜ and by z˜, respectively. The partial derivatives
with repect to x˜ and z˜ are written as:
∂
∂x˜ =
1
λx(x)
∂
∂x (6)
and
∂
∂z˜ =
1
λz(z)
∂
∂z (7)
As a result, the following modified equilibrium equations are obtained:
1
λx(x)
∂σˆxx
∂x +
∂σˆxy
∂y +
1
λz(z)
∂σˆxz
∂z +ω
2ρuˆx = 0 (8)
1
λx(x)
∂σˆxy
∂x +
∂σˆyy
∂y +
1
λz(z)
∂σˆyz
∂z +ω
2ρuˆy = 0 (9)
1
λx(x)
∂σˆzx
∂x +
∂σˆzy
∂y +
1
λz(z)
∂σˆzz
∂z +ω
2ρuˆz = 0 (10)
Similarly, the strain tensor is modified as:
εˆxx =
1
λx(x)
∂uˆx
∂x (11)
εˆyy =
∂uˆy
∂y (12)
εˆzz =
1
λz(z)
∂uˆz
∂z (13)
εˆxy =
1
2
(∂uˆx
∂y +
1
λx(x)
∂uˆy
∂x
)
(14)
εˆyz =
1
2
(
1
λz(z)
∂uˆy
∂z +
∂uˆz
∂y
)
(15)
εˆzx =
1
2
(
1
λz(z)
∂uˆx
∂z +
1
λx(x)
∂uˆz
∂x
)
(16)
The constitutive relation in the PML is chosen to correspond to equation (2). In the case where the
stretch functions λx = λz = 1, the governing equations inside ΩPML are the same as in the physical
domain Ωe (equations (1)-(3)). It should be stressed that the governing equations (8) to (16) are defined
independently of equations (1) to (3). Replacing the coordinates x and z by x˜ and by z˜ in equilibrium
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equations (1) to (3) of the viscoelastic medium is only used as a motivation of equations (8) to (16).
By simply considering equations (8) to (16) as the governing equations of the PML, issues of complex
differentiability are avoided.
Since the stretching functions λx(x) and λz(z) are complex, they provide an artificially high attenu-
ation of waves. Furthermore, it can be shown that the PML is non-reflective if the functions λx(x) and
λz(z) are continuous. This non-reflecting property of the PML is discussed e.g. by Basu and Chopra [5]
and is not repeated here.
In order to attenuate both propagating and evanescent waves, the following stretching functions are
classically used [5, 8, 9, 10]:
λx(x) = 1+ f ex (x)− i
f px (x)
a0
(17)
for waves propagating in the x-direction and:
λz(z) = 1+ f ez (z)− i
f pz (z)
a0
(18)
for waves propagating in the z-direction. The dimensionless frequency a0 is defined as a0 = ωL/Cs with
Cs the shear wave velocity and L a characteristic length, commonly chosen as the depth of the PML layer.
Due to the frequency dependence of the stretching functions, the dynamic element stiffness matrices of
the PML layer have to be reassembled for each frequency anew. The functions f ex (x) and f ez (z) attenuate
evanescent waves in the x-direction and z-direction, respectively. Similarly, the functions f px (x) and f pz (z)
attenuate propagating waves.
The functions are chosen to be zero on the interface between the PML and the elastic domain Ωe,
so that the stretch functions λx(x) and λz(z) are continuous and the non-reflecting property applies. A
linear or quadratic function is often chosen for the attenuation functions [5]. The slope of the attenuation
functions is tuned so that sufficient attenuation is obtained inside the PML. The attenuation functions are
further discussed in section 4.
3 2.5D finite element implementation
In the following, the equilibrium equations of the domain Ω, including both the visco-elastic medium
Ωe and the PML ΩPML (figure 1), are formulated in a weak form. Since the governing equations in Ωe
correspond to the equilibrium equations (8) to (10) of the PML with unit stretch functions λx = λz = 1,
the equilibrium equations (8)-(10) are used throughout Ω.
3.1 Virtual work equation
The equilibrium equations (8)-(10) are written in matrix-vector notation as:

 λz
∂
∂x 0 0 λxλz ∂∂y 0 λx ∂∂z
0 λxλz ∂∂y 0 λz ∂∂x λx ∂∂z 0
0 0 λx ∂∂z 0 λxλz ∂∂y λz ∂∂x


︸ ︷︷ ︸
L′T


σˆxx
σˆyy
σˆzz
σˆxy
σˆyz
σˆzx


+ω2λxλzρ


uˆx
uˆy
uˆz

= 0 (19)
where an alternative vector notation for the symmetrical stress tensor is used that collects the components
σi j in the vector σˆ = {σˆxx, σˆyy, σˆzz, σˆxy, σˆyz, σˆzx}T. Analogously, the vector ǫˆ= {εˆxx, εˆyy, εˆzz, γˆxy, γˆyz, γˆzx}T
collects the components of the symmetrical strain tensor ǫˆ. Furthermore, the equilibrium equations have
been multiplied with a factor λxλz. This turns out to be convenient, since it avoids integration by parts
of the stretch functions λx and λz in the weak form of the virtual work equation. Equation (19) is written
briefly as:
L′Tσˆ+ω2λxλzρuˆ = 0 (20)
The equilibrium equation (20) is formulated in a weak form by considering a virtual displacement field
vˆ on the domain Ω. Furthermore, tractions ˆtn = ¯ˆtn = σˆ ·n are applied on the Neumann boundary Γt of Ω
with unit outward vector n:
∫
Ω
vˆTL′Tσˆ(uˆ)dΩ+ω2
∫
Ω
vˆTλxλzρuˆdΩ−
∫
Γt
vˆTλxλz
(
ˆtn− ¯ˆtn
)
dΓ = 0 (21)
Integration by parts of equation (21) and application of the divergence theorem yields:
∫
Ω
(
L′vˆ
)T
σˆ(uˆ)dΩ−ω2
∫
Ω
vˆTλxλzρuˆdΩ =
∫
Γ
vˆTλxλzˆtn
′dΓ−
∫
Γt
vˆTλxλz
(
ˆtn− ¯ˆtn
)
dΓ (22)
ˆtn′ is a vector computed with Cauchy’s formula as ˆtn′ = σˆ ·n′ where the stretched normal vector n′ =
{nx/λx,ny,nz/λz}T is used, instead of the (unstretched) normal vector n = {nx,ny,nz}T. The term L′vˆ is
alternatively written as ǫˆ′:
∫
Ω
ǫˆ
′T
σˆ(uˆ)dΩ−ω2
∫
Ω
vˆTλxλzρuˆdΩ =
∫
Γ
vˆTλxλzˆtn
′dΓ−
∫
Γt
vˆTλxλz
(
ˆtn − ¯ˆtn
)
dΓ (23)
In the following, the Neumann boundary Γt is restricted to the part of the boundary Γ where the following
condition applies:
ˆtn
′
= ˆtn (24)
Equation (24) applies (a) on the boundary of the physical domain Ωe (λx = λz = 1) and (b) on parts of the
boundary of ΩPML with a unit vector n = {1,0,0}T or n = {0,0,1}T where λx = 1 or λz = 1, respectively.
For example, the condition (24) applies on the surface ➀ (figure 1), if λz = 1. The application of tractions
on the boundary of the PML that not satisfy equation (24) is not straightforward and is not considered in
this paper. With the restriction (24) on the Neumann boundary, equation (23) is further elaborated as:
∫
Ω
ǫˆ
′T
σˆ(u)dΩ−ω2
∫
Ω
vˆTλxλzρuˆdΩ =
∫
Γu
vˆTλxλzˆtn
′dΓ+
∫
Γt
vˆTλxλz¯ˆtn dΓ (25)
where Γu is the part of Γ on which homogeneous Dirichlet conditions are applied. If the virtual displace-
ment field vˆ is chosen to satisfy these Dirichlet conditions on the boundary Γu, the first integral on the
right hand side of equation (25) vanishes:
∫
Ω
ǫˆ
′T
σˆ(uˆ)dΩ−ω2
∫
Ω
vˆTλxλzρuˆdΩ =
∫
Γt
vˆTλxλz¯ˆtn dΓ (26)
For any virtual displacement field vˆ imposed on Ω, the sum of the virtual work of the internal and inertial
forces is equal to the virtual work of the external loads.
3.2 Discretization
Next, the finite element discretization is introduced into the virtual work equation (26). As the domain
Ω is longitudinally invariant and has an invariant cross section A, the displacement vector u(x,ω) is
discretized as:
uˆ(x,ω) ≃ N(x,z)uˆ(y,ω) (27)
where N(x,z) are the globally defined shape functions defined over the section A and uˆ(y,ω) is the
vector with the degrees of freedom at all nodes of the 2D mesh. The vector uˆ(y,ω) is a function of the
longitudinal coordinate y and the frequency ω.
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In order to apply the constitutive equation σˆ = Cǫˆ, the strain vector ǫˆ is first derived from the dis-
placement vector uˆ(y,ω) as:
ǫˆ= L1Nuˆ+L2N
∂uˆ
∂y (28)
where:
L1 =


1
λx
∂
∂x 0 0
0 0 0
0 0 1λz
∂
∂z
0 1λx
∂
∂x 0
0 1λz
∂
∂z 0
1
λz
∂
∂z 0
1
λx
∂
∂x


and L2 =


0 0 0
0 1 0
0 0 0
1 0 0
0 0 1
0 0 0

 (29)
The strain vector ǫˆ in equation (28) is related to both the displacement vector uˆ and its derivative ∂uˆ/∂y
with respect to the longitudinal coordinate y. This differs from the relationship ǫˆ = LNuˆ in the case of
classical finite elements, where the strain vector is written as a linear combination of the elements of the
displacement vector uˆ only. Equation (28) is alternatively written as:
ǫˆ= B1uˆ+B2
∂uˆ
∂y (30)
where B1 = L1N and B2 = L2N.
The stress vector is related to the strain vector through the constitutive relation σˆ = Cǫˆ, resulting in:
σˆ = CB1uˆ+CB2
∂uˆ
∂y (31)
3.3 Galerkin procedure
A standard Galerkin procedure is followed, where the same approximation is used for the virtual dis-
placement vector vˆ(x,ω) = N(x,z)vˆ(y,ω) as for the displacement vector uˆ(x,ω). The virtual strain
vector ǫˆ′ is derived from the virtual displacement vector vˆ(y,ω) as:
ǫˆ
′ = L′1Nvˆ+L′2N
∂vˆ
∂y (32)
where:
L′1 =


λz ∂∂x 0 0
0 0 0
0 0 λx ∂∂z
0 λz ∂∂x 0
0 λx ∂∂z 0
λx ∂∂z 0 λz ∂∂x


and L′2 =


0 0 0
0 λxλz 0
0 0 0
λxλz 0 0
0 0 λxλz
0 0 0

 (33)
Equation (32) is alternatively written as:
ǫˆ
′ = B′1vˆ+B′2
∂vˆ
∂y (34)
where B′1 = L′1N and B′2 = L′2N.
Substituting the strain-displacement relation (34) and the constitutive equation (31) in the virtual
work equation (26) yields:
−ω2
∫
Ω
vˆTλxλzρNTNuˆdΩ+
∫
Ω
(
vˆTB′T1 +
(∂ˆvˆ
∂y
)T
B′T2
)
C
(
B1uˆ+B2
∂uˆ
∂y
)
dΩ
=
∫
Γt
vˆTλxλzNT¯ˆtndΓ (35)
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Equation (35) is further elaborated, rewriting the volume integrals as an integral over the longitudinal
coordinate y and the cross section A:
−ω2
∫
∞
−∞
vˆT
(∫
A
λxλzρNTNdΓ
)
uˆdy+
∫
∞
−∞
vˆT
(∫
A
B′T1 CB1 dΓ
)
uˆdy
+
∫
∞
−∞
vˆT
(∫
A
B′T1 CB2 dΓ
) ∂uˆ
∂y dy+
∫
∞
−∞
(∂vˆ
∂y
)T(∫
A
B′T2 CB1 dΓ
)
uˆdy
+
∫
∞
−∞
(∂vˆ
∂y
)T(∫
A
B′T2 CB2 dΓ
) ∂uˆ
∂y dy =
∫
∞
−∞
vˆT
(∫
Gt
λxλzNT¯ˆtn ds
)
dy (36)
where Gt is the intersection of the surface Γt with the plane y = 0. The discretized equation is obtained
through elimination of the virtual displacement vector vˆ(y,ω). This requires integration by parts on the
terms containing derivatives ∂vˆ(y,ω)/∂y in equation (36):
−ω2
∫
∞
−∞
vˆT
[∫
A
λxλzρNTNdΓ
]
uˆdy+
∫
∞
−∞
vˆT
[∫
A
B′T1 CB1 dΓ
]
uˆdy
+
∫
∞
−∞
vˆT
[∫
A
B′T1 CB2 dΓ−
∫
A
B′T2 CB1 dΓ
] ∂uˆ
∂y dy−
∫
∞
−∞
vˆT
[∫
A
B′T2 CB2 dΓ
] ∂2uˆ
∂y2 dy
=
∫
∞
−∞
vˆT
[∫
Gt
λxλzNT¯ˆtn ds
]
dy (37)
Since equation (37) should hold for any virtual displacement vˆ(y,ω), all integrals over the longitudinal
coordinate y vanish. Equation (37) is equivalent to:
−ω2Muˆ(y,ω)+K0uˆ(y,ω)+K1 ∂uˆ(y,ω)∂y +K
2 ∂2uˆ(y,ω)
∂y2 =
ˆf(y,ω) (38)
where the mass matrix M is defined as:
M =
∫
A
λxλzρNTNdΓ (39)
The stiffness matrices K0, K1, and K2 are defined as:
K0 =
∫
A
B′T1 CB1 dΓ (40)
K1 =
∫
A
(
B′T1 CB2−B′T2 CB1
)
dΓ (41)
K2 =
∫
A
B′T2 CB2 dΓ (42)
The external load vector:
ˆf(y,ω) =
∫
Gt
λxλzNT¯ˆtn(x,y,z,ω)dΓ (43)
contains contributions of surface tractions and is evaluated for every point y on the longitudinal axis.
3.4 Solution
The integrals in equations (39)-(42) are evaluated by means of 2D Gaussian quadrature. The matrices
M and K0 correspond to a combination of the classical 2D in-plane (P-SV) and out-of-plane (SH) finite
element mass and stiffness matrices, respectively. For the mass matrix M and the stiffness matrix K0, the
in-plane displacements ux and uz are uncoupled from the out-of-plane displacements uy. The stiffness
matrices K1 and K2 account for 3D wave propagation in the structure, where the in-plane and out-of-
plane degrees of freedom are coupled.
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The differential equation (38) is solved by a Fourier transform of the longitudinal coordinate y to the
horizontal wavenumber ky, where the Fourier transform is defined as F [ f (y),ky] =
∫
∞
−∞ exp(+ikyy) f (y)dy.
Equation (38) is transformed to the wavenumber domain as:[
−ω2M+K0− ikyK1− k2yK2
]
u˜(ky,ω) = ˜f(ky,ω) (44)
where a tilde above a variable denotes its representation in the frequency-wavenumber domain.
4 Attenuation function
In this section, the choice of the attenuation functions f ex (x), and f px (x) in the stretching functions (17)
and (18) is discussed in detail. Therefore, the propagation of shear waves with a velocity Cs = 100m/s
in a semi-infinite 1D PML (figure 2) is studied analytically. The PML is subjected to a unit harmonic
vertical displacement uz(t) = exp(iωt) at the left end x = 0. As the bar extends to infinity, radiation
conditions apply for x → ∞.
(a)
(b)
PML
x
x
z
z
∞
L
Figure 2: 1D PML modelled as (a) a continuum and (b) after discretization with finite elements, where
the PML is truncated to a length L.
If zero attenuation functions are considered in the PML ( f ex (x) = f px (x) = 0), the displacements
correspond to the displacements in a linear elastic semi-infinite bar, found as the solution of equations
(1) to (3) (figure 3):
uˆz(x,ω) = exp(−iksx) (45)
Only propagative waves are present in the displacement solution (45). However, since both evanescent
and propagating waves can occur in a general wave propagation problem, it is advisable to attenuate both
wave types [10, 11]. In the present example, the effect of the attenuation function f ex (x) for evanescent
waves on the propagative solution (45) is demonstrated.
In the case where the attenuation functions are non-zero, the displacements in the 1D bar, found as
the solution of the equilibrium equations (8) to (10), are of the same form as equation (45), but with x
replaced by x˜:
uˆz(x,ω) = exp(−iksx˜) (46)
The stretched coordinate x˜ in equation (4) is elaborated, introducing the stretch function (17):
x˜ =
∫ x
0
(
1+ f ex (x)− i
f px (x)
a0
)
dx (47)
Equation (47) is further elaborated as:
x˜ = x+
∫ x
0
f ex (x)dx−
i
a0
∫ x
0
f px (x)dx (48)
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Figure 3: (a) Real and (b) imaginary part of the vertical displacement uz(x,ω) along a linear elastic
semi-infinite bar.
The integrals
∫ x
0 f ex (x)dx and
∫ x
0 f px (x)dx are denoted as Fex (x) and Fpx (x), respectively:
x˜ = x+Fex (x)− i
Fpx (x)
a0
(49)
Equation (49) allows to write the PML displacement solution (46) as:
uˆz(x,ω) = exp(−iksx)exp(−iksFex (x))exp(−
Fpx (x)
L
) (50)
The following linear attenuation functions f ex (x) and f px (x) are selected [10, 11]:
f ex (x) = f ex0
x
L
(51)
f px (x) = f px0
x
L
(52)
where f ex0 and f px0 are parameters to adjust the amount of attenuation. For this particular choice, the
integrals Fex (x) and F
p
x (x) read as:
Fex (x) =
f ex0
2
x2
L
(53)
Fpx (x) =
f px0
2
x2
L
(54)
Substituting equations (53) and (54) into the displacement solution (50) yields:
uˆz(x,ω) = exp(−iksx)exp(−iks
f ex0
2
x2
L
)exp(−
f px0
2
( x
L
)2
) (55)
The displacement solution (55) is demonstrated with an example, selecting f ex0 = f px0 = 10 and L =
20m. Figure 4 shows the displacement solution (50) in the PML. The attenuation function f ex (x) results
in a gradual stretch of the coordinate x. Correspondingly, the (apparent) wavelength of the shear waves
gradually decreases with x. In contrast, the attenuation function f px (x) strongly attenuates the solution
but does not modify the wavelength.
This is an important observation, since in practical applications the PML is truncated and discretized
with finite elements. The finite element mesh should be sufficient to represent the displacement solution
(50). As a rule of thumb, a minimal number of elements per wavelength is necessary for an accurate
finite element solution. Figure 4 compares the analytical solution (50) to a finite element solution using
200 8-node quadratic finite elements with an element length le = 1m.
This demonstrates that the use of a non-zero attenuation function f ex (x) for the absorption of (pos-
sible) evanescent waves poses stringent demands on the mesh size, since the wavelength of propagating
waves is increasingly shortened for large values of f ex0. Therefore, zero stretch functions f ex0 = f ez0 = 0
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Figure 4: (a) Real and (b) imaginary part of the vertical displacement uz(x,ω) along the 1D PML. The
analytical solution (solid line) is compared with the finite element solution (crosses) using 200 finite
elements.
for evanescent waves are applied in the following. As will be demonstrated in the examples in section 5,
evanescent waves can be computed in a classical way, using a sufficiently extended mesh.
On the other hand, the attenuation function f px (x) for propagating waves should be chosen so that
the displacements are sufficiently small at x = L, limiting the truncation error. From this point of view,
a very high value of f px0 is optimal. However, a high value of f px0 corresponds to a strong attenuation
(characterized by the term exp(−Fpx (x)) in equation (50)) that requires a dense mesh for an accurate
finite element solution. Therefore, a compromise should be sought for the parameter f px0 that allows for
a sufficiently coarse mesh but where the truncation error is sufficiently small. An optimal value for the
parameter f px0 is commonly found by minimizing the error numerically. However, the current 1D problem
is not particularly suited to perform such an optimization since it only includes shear waves propagating
in the horizontal direction. Therefore, a value f px0 = f pz0 = 20, as suggested by Basu and Chopra [5], is
used in the following.
5 Applications
5.1 Green’s functions of a homogeneous halfspace
The 2.5D PML methodology is further validated by computing the displacements of a homogeneous
halfspace with a shear wave velocity Cs = 150m/s, a compressional wave velocity Cp = 300m/s, a
material damping ratio βs = βp = 0.01, and a density ρ = 1800m/s. The halfspace is excited by a
vertical load that is harmonic with respect to the longitudinal coordinate y with a wavenumber ky. In the
frequency-space domain, the load p j(x,y,z,ω) is given by:
pˆ j(x,y,z,ω) = δi jδ(x)δ(z− z′)cos (kyy) (56)
The line load is applied along the line (x = 0,z = z′) in the direction ei. Since the load is harmonic with
respect to the y-coordinate, the resulting displacements u j(x,y,z,ω) are also harmonic:
uˆ j(x,y,z,ω) = u˜ j(x,ky,z,ω)cos (kyy) (57)
The displacements u˜ j(x,ky,z,ω) are referred to as the Green’s displacements in the frequency-wavenumber
domain and are denoted by u˜Gi j(z′,x,ky,z,ω).
The Green’s displacements are computed using the 2.5D PML method. The homogeneous halfspace
is regularly meshed with a grid of 40×20 square 8-node serendipity elements from x =−5m to x = 5m
up to a depth of 5 m. Reduced integration is used, which has only a minor influence on the result. The ele-
ment size le = 0.25m corresponds to 11.4 elements per Rayleigh wavelength λR =CR/ f = 2.80m which
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Figure 5: Real part of the vertical displacement uˆz(x,y,z,ω) in a homogeneous halfspace excited at the
surface at 50Hz by a vertical load that is harmonic with respect to the longitudinal coordinate y with a
wavenumber (a) ¯ky = 0, (b) ¯ky = 0.5, (c) ¯ky = 1.0, and (d) ¯ky = 1.5. The PML solution (left) is compared
with the reference solution computed with EDT (right)
is sufficient for an accurate finite element solution. The thickness of the PML layer is 1m, comprising
four 2.5D finite elements.
Figure 5 shows the Green’s displacements for dimensionless wavenumbers ¯ky defined as ¯ky = kyCs/ω.
In the case ¯ky = 0, the wave propagation in the homogeneous halfspace is characterized by 2D Rayleigh
waves with a velocity CR = 139.8m/s which corresponds to a wavelength λR =CR/ f = 2.80m.
In the case where 0 < ky < kR, the wave field is characterized by Rayleigh waves with plane wave
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fronts. In the (x,z)-plane, the Rayleigh waves propagate with a wavenumber kRx:
kRx =
√
k2R− k2y (58)
and a corresponding wavelength λRx = 2pi/kRx that is larger than the Rayleigh wavelength λR. The angle
θ between the wave fronts and the (x,z)-plane is computed as (figure 6):
θ = cos−1 kykR
(59)
The angle varies from θ = 0 at ky = 0 to θ = pi/2 at ky = kR, as observed in figure 5.
In the case where ky > kR, the wavenumber kRx in equation (58) becomes complex, corresponding to
evanescent waves. This is observed in figure 5d, where the displacement solution exponentially decreases
in the x-direction.
kRx
ky kR
θ
θ
Wave fronts
Figure 6: Direction θ of the Rayleigh wave fronts for ky < kR.
A reference solution for the Green’s displacements u˜Gi j(z′,x,ky,z,ω) of the homogeneous halfspace is
obtained by means of the direct stiffness method [12, 13] as implemented in the ElastoDynamics Toolbox
(EDT) for MATLAB [14]. Figure 5 compares the PML solution with the reference solution. Figure 7
further compares the vertical displacements along the x-axis with the reference solution, which shows
the good accuracy of the 2.5D PML solution.
5.2 Dynamic stiffness of a strip foundation
In this example, the dynamic stiffness of a strip foundation is computed. The rigid strip foundation has
a width b = 3m and is resting on a homogeneous halfspace with a shear wave velocity Cs = 150m/s,
a compressional wave velocity Cp = 300m/s, a density ρ = 1800kg/m3 and a material damping ratio
βs = βp = 0.02 in both deviatoric and volumetric deformation.
The vertical dynamic stiffness of the strip foundation is first computed using the PML approach. The
finite element mesh is shown in figure 8, where symmetry is exploited to limit the mesh size. A square
domain of 3× 3m is meshed with equally sized finite elements with an element size le = 0.25m. A
PML with a thickness of 1 m is considered at the edge of the mesh, where linear attenuation functions
with f px0 = f pz0 = 20 are used to attenuate propagative waves. The PML is clamped at its edges, while
symmetry conditions are applied at x = 0m.
The strip foundation is subjected to a unit vertical displacement. The vertical dynamic stiffness
is subsequently found as the sum of the vertical reaction forces on the foundation-soil interface. The
real and imaginary part of the vertical dynamic stiffness are plotted in figure 9 up to 100 Hz for the
wavenumber ky = 0, corresponding to a 2D situation.
A reference solution is computed using 100 and 400 equally sized boundary elements over the inter-
face. The symmetry conditions are not exploited in the boundary element method. The boundary ele-
ments have constant shape functions, so that the tractions are constant within the element. The Green’s
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Figure 7: Real (left) and imaginary (right) part of the vertical displacement uz(x,y,z,ω) along the x-axis
of the layered halfspace excited at the surface at 50Hz by a vertical load at the surface at a dimensionless
wavenumber (a) ¯ky = 0.00, (b) ¯ky = 0.50, (c) ¯ky = 1.00, and (d) ¯ky = 1.50. The PML solution (solid line)
is compared with the reference solution computed with EDT (dashed line).
functions of the homogeneous halfspace, computed with EDT, are used as the fundamental solution in
the boundary element method. Figure 9 shows a satisfactory correspondance between the PML solution
and the boundary element solution. This demonstrates that the PML solution results in an accurate com-
putation of the dynamic stiffness of the foundation, though the size of the FE mesh is small with respect
to the wavelength of shear and dilatational waves, especially at lower frequencies. Furthermore, the fact
that evanescent waves are not attenuated in the PML has no effects on the accuracy of the solution.
The PML and the boundary element methods follow a completely different approach. The computa-
tion time is biased by the specific implementation, and therefore it is difficult to generally compare both
methods. However, the computation time for the PML solution is 10.6 s (for 50 frequencies), while the
boundary element solution takes 21.7 s and 250 s on the same processor for a solution using 100 and 400
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Figure 8: Finite element mesh for the computation of the dynamic stiffness of the rigid strip foundation.
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Figure 9: Real (left) and imaginary (right) part of the vertical dynamic stiffness of the strip foundation
as a function of frequency for the wavenumber ky = 0. The PML solution (solid line) is compared with
a boundary element solution using 100 (dotted line) and 400 (dashed line) boundary elements over the
interface.
boundary elements, respectively. In the present calculation, the assembly of the PML stiffness matrices
takes 7.8 s and the solution of the FE system of equations 2.7 s. Since the assembly of the stiffness
matrices does not have to be repeated for every wavenumber, the efficiency of the PML method will be
even more pronounced if the solution is computed for a large number of wavenumbers. In contrast, the
computational time for the boundary element method scales linearly with the number of wavenumbers ky.
It can therefore be concluded that the PML solution is computationally more attractive than the bound-
ary element solution for the present example. However, this conclusion can not be generalized. For the
computation of the response at large distances, the boundary element undoubtedly is more attractive.
5.3 A vibration isolating screen in the soil
In the third example, the efficiency of a vibration isolating screen in the soil is examined. A vibration
isolating screen is a soft or stiff wave barrier. Due to the impedance contrast between the isolating screen
and the soil, waves are reflected, effectively reducing vibration levels behind the screen.
Figure 1 shows a vibration isolating screen embedded in a homogeneous halfspace with a shear wave
velocity Cs = 150m/s, a compressional wave velocity Cp = 300m/s, a density ρ = 1800kg/m3 and a
material damping ratio βs = βp = 0.05 in both deviatoric and volumetric deformation. The incident wave
field is generated by a unit vertical point load acting on the surface of the halfspace at a distance of 5m
from the vibration isolating screen.
14
First, the reference case of a unit point load on the surface of a homogeneous halfspace is considered.
This case corresponds to the 3D Green’s displacements of a layered halfspace. The Green’s functions
are computed with the 2.5D PML method, on the domain from x = −10m to x = 10m up to a depth of
12 m. A mesh of square 8-node finite elements is used with an element size le = 0.5m. On the edge of
the domain, a PML with a thickness of 1m is considered.
(a) (b)
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×10-9
Figure 10: Real part of the vertical displacement for a unit vertical point load at the surface of a homo-
geneous halfspace at (a) 20Hz and (b) 40Hz.
Figure 10 shows the real part of the vertical displacement due to a vertical point source on the surface
of the halfspace at 20Hz and 40Hz. The displacement in the soil is dominated by Rayleigh waves with
cylindrical wave fronts. The Rayleigh waves have a velocity CR = 139.8m/s which corresponds to a
wavelength λR =CR/ f = 6.95m at the frequency f = 20Hz and λR = 3.48m at a frequency f = 40Hz.
The penetration depth of the Rayleigh waves is proportional to the wavelength: most of the wave energy
is located above a depth of one wavelength. The design of the vibration isolating screen is based on this
penetration depth at the lowest frequency for which isolation is desired. A concrete vibration isolating
screen with a depth of 8m and a width of 0.6m is considered, which is expected to isolate vibrations
above a frequency of 20Hz. The concrete has a Young’s modulus Ec = 30GPa, a Poisson’s ratio νc = 0.2
and a density ρc = 2600kg/m3, which is stiffer than the soil.
A vertical point source is considered at the surface of the halfspace at a distance of 5m from the
centerline of the screen. Figure 11 shows the real part of the vertical displacement in the free field
at frequencies of 20Hz and 40Hz. The incident waves are reflected on the vibration isolating screen,
reducing vibration levels behind the screen. At 40Hz, two lines of destructive interference between a
direct and reflected Rayleigh waves are observed. As the concrete is much stiffer than the soil, it acts as
a rigid wave barrier and a small displacement amplitude is observed along the soil-screen interface.
The efficiency of the vibration isolating screen can also be quantified by the insertion loss ILz of
the vertical displacement, defined as the ratio of the vertical displacement amplitudes |uunisoz (ω) | and
|uisoz (ω) | in the case without and with vibration isolating screen. The vertical insertion loss is expressed
in dB:
ILz = 20log10(
|uunisoz (ω) |
|uisoz (ω) |
) (60)
Figure 12 shows the vertical insertion loss at 20Hz and 40Hz as expected. The screening efficiency
is larger at 40Hz than at 20Hz. This indicates that the vibration isolating screen effectively reduces the
vibration levels behind the screen.
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Figure 11: Real part of the vertical displacement for a unit harmonic point load at a distance of 5m from
the center of the concrete vibration isolating screen at (a) 20Hz and (b) 40Hz.
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Figure 12: Vertical insertion loss ILz for a unit harmonic point load at a distance d = 5m from the
concrete vibration isolating screen at (a) 20Hz and (b) 40Hz.
The results are in correspondance with 2.5D coupled FE-BE calculations of the same example in a
previous paper [15]. However, the computation time of the PML method is 180 s per frequency, while
the same computation using the coupled FE-BE approach takes 2 hours on the same processor. This large
computational time is dominated by the calculation of the Green’s functions of the halfspace for a large
number of source and receiver depths [15], for each wavenumber and frequency. However, the efficiency
of the PML method with respect to the coupled FE-BE method decreases as the output is to be computed
on large distances.
6 Conclusion
In this paper, a 2.5D displacement based PML has been derived. The main advantage of the 2.5D ap-
proach is that the system matrices of the PML have to be assembled only once for each frequency.
The total computation time is dominated by the solution time of the 2.5D finite element equations in
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the frequency-wavenumber domain. As a result, the 2.5D PML method is a computationally efficient ap-
proach for the solution of 3D dynamic soil-structure interaction problems where the geometry is invariant
in the longitudinal direction.
The choice of the attenuation function has been discussed by considering the analytical solution of
the displacement inside a 1D PML. It has been demonstrated that the use of attenuation coefficients for
evanescent waves poses stringent conditions on the mesh size, since it compresses the wavelength of
propagating waves. It is therefore suggested to use zero attenuation coefficients for evanescent waves.
The evanescent waves can in practice be accounted for in a classical way by a sufficiently extended mesh.
The 2.5D PML methodology has been validated by three examples. In the first example, the Green’s
displacements of a homogeneous halfspace are compared to a reference solution using EDT, demonstat-
ing that the PML absorbs all propagating waves for different angles of incidence.
In the second example, the dynamic stiffness of a rigid strip foundation has been computed, where
a PML solution is compared to a boundary element solution. This demonstrates that the PML solution
results in an accurate computation of the dynamic stiffness, though the size of the FE mesh is small with
respect to the wavelength of shear and dilatational waves, especially at lower frequencies. Furthermore,
the fact that the evanescent waves are accounted for in the PML has no effects on the accuracy of the
solution.
The PML and the boundary element methods follow a completely different approach. The compu-
tation time is biased by the specific implementation, and therefore it is difficult to generally compare
both methods. However, it is concluded that the PML solution is computationally more attractive than a
boundary element solution. This conclusion can not be generalized. For the computation of the response
at large distances, the boundary element undoubtedly is more attractive.
The same conclusion is drawn for the third example, where the efficiency of a vibration isolating
screen is computed. The computation time for the boundary element method is large and dominated by
the calculation of the Green’s functions of the halfspace for a large number of source and receiver depths.
However, the efficiency of the PML method with respect to the coupled FE-BE method decreases as the
output is to be computed on large distances.
Acknowledgements
The firsts two authors are postdoctoral research fellows of the "Fonds voor Wetenschappelijk Onderzoek
Vlaanderen (FWO)" or the Research Foundation Flanders. The authors gratefully acknowledge financial
support from this institute.
References
[1] D.E. Beskos, T. Krauthammer, and I. Vardoulakis, editors. Dynamic soil-structure interaction. A.A. Balkema,
1984.
[2] J.E. Luco and H.L. Wong. Seismic response of foundations embedded in a layered half-space. Earthquake
Engineering and Structural Dynamics, 15:233–247, 1987.
[3] S. François. Nonlinear modelling of the response of structures due to ground vibrations. PhD thesis, Depart-
ment of Civil Engineering, KU Leuven, 2008.
[4] X. Sheng, C.J.C. Jones, and D.J. Thompson. Responses of infinite periodic structures to moving or stationary
harmonic loads. Journal of Sound and Vibration, 282:125–149, 2005.
17
[5] U. Basu and A.K. Chopra. Perfectly matched layers for time-harmonic elastodynamics of unbounded do-
mains: theory and finite-element implementation. Computer Methods in Applied Mechanics and Engineer-
ing, 192(11-12):1337–1375, 2003.
[6] W.C. Chew, J.M. Jin, and E. Michielssen. Complex coordinate stretching as a generalized absorbing boundary
condition. Microwave and Optical Technology Letters, 15(6):363–369, 1997.
[7] W.C. Chew and Q.H. Liu. Perfectly matched layers for elastodynamics: A new absorbing boundary condition.
Journal of Computational Acoustics, 4(4):341–359, 1996.
[8] U. Basu and A.K. Chopra. Perfectly matched layers for transient elastodynamics of unbounded domains.
International Journal for Numerical Methods in Engineering, 59:1039–1045, 2004.
[9] U. Basu and A.K. Chopra. Erratum to “perfectly matched layers for transient elastodynamics of unbounded
domains”. International Journal for Numerical Methods in Engineering, 61:156–157, 2004.
[10] U. Basu. Explicit finite element perfectly matched layer for transient three-dimensional elastic waves. Inter-
national Journal for Numerical Methods in Engineering, 77:151–176, 2009.
[11] J.P. Bérenger. Application of the CFS PML to the absorption of evanescent waves in waveguides. IEEE
Microwave and Wireless Components Letters, 12(6):218–220, 2002.
[12] E. Kausel. Fundamental solutions in elastodynamics: a compendium. Cambridge University Press, New
York, 2006.
[13] E. Kausel and J.M. Roësset. Stiffness matrices for layered soils. Bulletin of the Seismological Society of
America, 71(6):1743–1761, 1981.
[14] M. Schevenels, S. François, and G. Degrande. EDT: An ElastoDynamics Toolbox for MATLAB. Computers
& Geosciences, 35(8):1752–1754, 2009.
[15] S. François, M. Schevenels, G. Lombaert, P. Galvín, and G. Degrande. A 2.5D coupled FE-BE methodology
for the dynamic interaction between longitudinally invariant structures and a layered halfspace. Computer
Methods in Applied Mechanics and Engineering, 199(23-24):1536–1548, 2010.
18
